Solution Sheet 4

1. (i) If there is an integral solution to 30z% — 23y*> = 1 then, when we
look at the equation modulo 5, we find that —23y?> = 1mod5, i.e.
—3y? = 1 mod 5.

We can write this as —3y%> = 1 + 5 = 6 mod 5, and divide by —3 to get
y?> = —2 = 3mod 5. But from the following table we see that this is
impossible:

n?mod 5
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Note that in this table we have
(5—n)* =52 —10n+n® = n*mod 5

so we need only have taken n = 0,1 or 2 to have found all possible
residues.

(i) If 52* — 14y? = 1 has a solution then, looking modulo 7, we must
have 522 = 1 mod 7. Noting that 3 is the inverse of 5mod 7, i.e. 3 x5 =
1mod 7, we get 22 = 3mod 7. But from the following table we see that
this is impossible:

n?>mod 7
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(iii) % As in part (i) look at the equation modulo 5.



2. (i) Using the hint given, the Diophantine equation 2z% + 27y* = 23
becomes 22 = 23 = 5mod 9. Noting that 5 is the inverse of 2mod 9,
we multiply both sides by 5 to get 2° = 25 = 7mod 9. But from the
following table we see that this is impossible:

3mod 9
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(ii) Look at 7z2° 4+ 3y* = 4 modulo 7 to see if there are solutions to
3y* = 4mod 7. Use the table above:

n | n?mod7 | n*mod7 | 3n*mod 7
0 0 0 0
1 1 1 3
2 4 2 6
3 2 4 5)
4 2 4 5)
5 4 2 6
6 1 1 3

Thus we see there is no solution to 3y* = 4mod 7, hence there can have
been no integral solution of 7x® + 3y* = 4.

(iii) ¥ To show that 7never divides a*+ a®+ 2 for a € Z we need show
that there are no solutions of a* + a®> + 2 = O0mod 7. For this we can
use the table above:



n|{n?mod7 | n*mod7 | n*+n?+2mod7
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4. % (Zg, x)

X [y 2]y 4y [Bly [Ty [8lg
[ | [y [2lg [4ly [Blg [y [8lg
2y | 2l [4g [8ly [lg [Bly [7lg
[4]y | [4)y [8y [Ty (2 [ty [5
Bl | Blg [y (2 [Tl 8l [4]
[Ty | [7ly [Blg [y [8lg [4]y [2lg
Blg | By [7lg [Bly [4g [2]y [l
So the inverse of each element is
Ly =1y, [ =By, [y =1[7y,
Bly' =12y, Mg =M, By =18l

5. (i) [2]g3 : Simply observe that 2 x 47 = 94 = 1mod 93 hence [2]9—31 _
[47]g;

(ii) [5]gz : To find [z]g, for which [5]gs X [2]g3 = [1]43 We need solve bz =

1mod93. This can be done by Euclid’s Algorithm, but has already
been done in the notes, x = 56 being a solution. Hence [5]g, = [56],, -

(iii) [25]4; : We can use the method as in part (ii) and solve 25z =
1mod 93 using Euclid’s Algorithm. Alternatively, note that [25]y; =
[5°]g5 = [5]5 - Hence,

[25]§31 = ([5];3) [56]93 by part (ii),
= [567] 45 = [67)g;-

(iv) [32]ys : Perhaps start from [32],, = [2°]4 = [2]5 - Thus

[32]93 = ([2] ) 47 Jlos by part (i),
- [47] = [32]g5-
6. (1)) R={(1,7),(25),(3,3),(4 1)},
(i) § = {(1,1),(1,2),(1,3),(1,4),(1,5),(2,1),(2,2),
(2,3),(2,4),(3,1),(3,2),(3,3),(4,1),(42), (5, 1)},
(i) 7 ={(1,1),(2,4),(3,9),(4,16),(5,25), ...} .
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7. %

Reflexive Symmetric Transitive

(i) No No Yes
(ii) Yes Yes Yes
(iii) No Yes No
(iv) Yes Yes No
(v) Yes Yes Yes
(vi) No No No

Reasons:

i) Not reflexive: (1,1) ¢ Ry,
Not symmetric: (2,4) € Ry but (4,2) ¢ R;.
ii) All properties satisfied.
iii) Not reflexive: (1,1) ¢ R,
Not transitive: (2,4),(4,2) € R3 but (2,2) ¢ Rs.

iv) Not transitive: (4,3),(3,1) € R4 but (4,1) ¢ R..
v) All properties satisfied.

vi) Not reflexive: (1,1) ¢ R,
Not symmetric: (1,4) € Rg but (4,1) ¢ R,
Not transitive: (1,3),(3,1) € Rg but (1,1) ¢ R.

" Reflexive Symmetric Transitive
(i) No Yes No
(ii) Yes Yes Yes
(iii) No Yes Yes
(iv)% Yes No Yes
Reasons:

i) Not Reflexive. Counterexample: 1 » 1 since 1+ 1 is not odd;

Is Symmetric. Proof: 2 ~ y = z + y is odd = y + x is odd
=y~ T

Not Transitive. Counterexample: 1 ~ 2 and 2 ~ 1 but 1 »~ 1.
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ii) Is Reflexive. Proof: for all integers 2z is even so x ~ x;

Is Symmetric. Proof x ~ y = x + y is even = y + x is even
=Y~ T

Is Transitive. Proof If x ~ y, i.e. x 4 y is even, then x and y
have the same parity, i.e. they are both odd or both even. So if
x ~y and y ~ z then all three of x,y and z have the same parity.
In particular x and z have the same parity and so x ~ z.

iii) Not Reflexive. Counterexample: 2 ~ 2 since 2 x 2 is not odd;

Is Symmetric. Proof: z ~ y = 2y is odd = yx is odd = y ~ x;

Is Transitive. Proof: If xy is odd then both x and y are odd.
So if x ~ y and y ~ z then all three of z,y and z are odd. In
particular x and z are odd and so = ~ z.

iv) % Is Reflexive. Proof: For any integer = we note that z 4+ zx =
x(z + 1) and one of x or x 4+ 1 has to be even, thus z ~ z.

Not Symmetric. Counterexample 2 ~ 1, since 2+ 2 x 1 is even
but 1 ~ 2 since 1 + 1 X 2 is not even.

Is Transitive. Proof: Assume x ~ y and y ~ z.

Thus z(1+y) = 2m and y(1+ 2) = 2n for some m,n € Z.
Multiply the first equality by (1 + z) to get

z(1+2)+y(l+2)=2m(1+z2).
Substitute in to get
z((1+2)+2n)=2m(1+2).
Rearrange to get
x(l+2)=2(m{+z2)—nzx),
which implies x ~ z.

i) No. The sets are not disjoint.

- (
(ii) Yes.
(iii) Yes,
(

iv) No. Not every element of the set is in some element of the partition.



10. (i) No. 0 is in neither of the sets,

(ii) No. The sets are not disjoint. An integer m € Z is in both T}, and
T,,_1, for example, 1 € T} and 1 € Tj,.

(iii) No. 0 is in both sets,
(iv) Yes.
11.

R={(1,1),(2,2),(3,3),(4,4),(5,5),(1,2),(2,1),(3,4),(4,3)}.

12.(i) 1] = {1,2}, 2] = {1,2}, [3] = {3}, [4] = {4,5} = [5] and [6] = {6} .
(i) {1,2} U {3}t uU{4,5} U{6}.



